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1. LECTURE 1 (SAMY LAHLOU): CRASH COURSE ON MEASURE THEORY, PART I

Given a set X, our goal is to define a map p : P(X) — [0, 00] that assigns to each subset A C X a measure
u(A) € [0, 00] that ‘behaves like the volume of A’ This turns out to be impossible in full generality (and we
shall see using ergodic-theoretic methods that this impossibility is for good reason; see Exercise 4.20), so we
instead restrict to special subsets of X with a nice algebraic (think: ‘constructible’) structure.

Further reading. [Tse23, Lectures 1 to 5] and [Fol99, Chapter 1].

Definition 1.1. Let X be a set. A o-algebra on X is a collection B C P(X) of subsets of X containing &
and is closed under complements and countable unions. More precisely:

1. (Non-trivial). @ € B.
2. (Closure under complements). For any A € B, we have X \ A € B.
3. (Closure under countable unions). For any countable family {4, € B: n € N}, we have |J,, A, € B.

Definition 1.2. If B is a o-algebra on a set X, the pair (X, B) is said to be a measurable space.

A useful way to construct a o-algebra is to start with an arbitrary family C C P(X) and close! it under
the above three conditions. Abstractly:

Definition 1.3. The o-algebra generated by C C P(X) is (C), == ({B: B2 C is a o-algebra on X}.

Date: June 12, 2025.

IThis ‘closure’ operation can be made precise as follows. Starting with Co := C, throw in all the subsets of X that is necessary
to satisfy Definition 1.1 relativized to Co to obtain Ci (that is, let C1 contain @ and such that if A € Cp, then X \ A € Cy,
and similarly for condition 3). Then, let C2 be defined by throwing in all the countable unions and complements of sets in C;.
Doing so infinitely-many times and taking the union Ua Co will give us (C)_, but beware that this process must proceed into
the transfinite up to a < w1, where w; is the first uncountable ordinal; ask your local set theorist why.
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Note that (C)_ is indeed a o-algebra on X since the intersection of o-algebras is again a o-algebra.

Definition 1.4. Let X be a topological space. The Borel o-algebra on X is B(X) := (T),, where T is the
topology on X. The elements of B(X) are called the Borel sets of X.

Intuitively, for any topological space X, one would like to ‘measure’ the Borel sets. This is justified since
if one wants a measure compatible with the topology, then one must be able to measure the open sets, and
hence also closed sets, countable unions of closed sets (called F, sets), countable intersections of open sets
(called G5 sets), countable intersections of F, sets, countable unions of G sets, and so on?.

Definition 1.5. A measure on a measurable space (X, B) is a map u : B — [0, 00| such that u(2) = 0 and
P(Unen An) = 2 nen #(Ar) for any pairwise disjoint family {A, € B:n € N}.

The triple (X, B, ) is then called a measure space. A Borel measure is a measure defined on some Borel

o-algebra.

Example 1.6 (Lebesgue). Equip R with its usual topology. There is® a unique measure \ : B(R) — [0, o0]
on R, called the Lebesgue measure, such that A([a,b]) = b — a for each a < b.

Example 1.7 (Bernoulli). Equip 2 = {0,1} with the discrete topology and consider the product topology
on 2". For each p € [0,1], is a unique measure p, : B(2") — [0, 00] on 2V, called the Bernoulli (p) measure,
such that for each word w € 2<V, we have p,([w]) = p™ (1 — p)™ where n; is the number of i € {0,1} in w
and [w] is the set of all sequences in 2" containing w as a prefix.

If p = 0 (similarly if p = 1), then p,(§) € {0,1}, and we have p,(¢) = 1 iff (p,p,p,...) € £ Thus, all of
the measure is concentrated at (p,p,p,...). Measures in which this occurs are called Dirac measures.

Example 1.8 (Dirac). Let X be a set and fix x € X. The Dirac measure concentrated at x is the measure
0z : P(X) — {0,1} defined by 6,(A) :=1iff z € A, and 6,(A) =0 iff ¢ A.

Definition 1.9. A measure y on (X, B) is said to be finite if u(X) < oo, a probability measure if u(X) =1,

and o-finite if there is a partition X =| |, X, such that X, € B and u(X,) < oo for all n € N.

Unless otherwise stated, all measures are assumed to be o-finite. In fact, we will usually only deal with
probability measures, since we can also normalize a finite measure to a probability measure by p +— pu/u(X).

Lastly, even though y is only defined on the o-algebra B, we can slightly extend u to a larger o-algebra.

Definition 1.10. Let (X, B, u) be a measure space. A subset Z C X is said to be p-null if there exists some
Z' € B such that Z C Z' and pu(Z’) = 0. We write Null, for the set of all y-null subsets of X. A subset
A C X is said to be p-conull if X \ A is p-null.

Definition 1.11. Let (X, B, 1) be a measure space. A subset A C X is u-measurable* if there exists some
B € B and some p-null set Z such that A = BU Z. We write Meas,, for the set of all y-measurable sets.

It is an exercise that Meas,, = (B U Null,)_. Moreover, ;1 admits a unique extension to a map z : Meas, —
[0, 00], called the completion of p, and this measure satisfies Meas; = Meas,,. HINT: (B U Z) := u(B).

Definition 1.12. A measure y is complete if @ = p.

For convenience, we will always assume that measures are complete. Neither measures A nor p, in Ex-
amples 1.6 and 1.7 are complete, so we tacitly extend them.

We end with some easy exercises on measures; please read/prove them, as they will be used freely in the
future; they are roughly ranked by difficulty. Throughout, let (X, B, 1) be a measure space and let A,, € B.

2This goes up the Borel hierarchy, studied in Descriptive Set Theory; see [Kec95].

3We will not prove this fact, but it is an application of Carathéodory’s Extension Theorem; see [Tse23, Lecture 4].

4Very confusing terminology. One might think that elements of B are the ‘measurable’ ones, but this removes p from the
picture. In general, there are much more p-measurable sets that there are sets in B. Indeed, there are 2X0-many Borel sets on

R, but there are g2%0 -many A-measurable sets!
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Exercise 1.13 (Monotonicity). If A; C A, then u(A4;) < p(Asz).

Deduce that if y is finite, then y is a bounded function. (Are o-finite measures bounded?)
Exercise 1.14 (Inclusion-exclusion). For any A1, A; € B, we have u(A; UA2)+p(A1NAs) = p(A1)+p(A2).
Exercise 1.15 (Continuity ). If (An)nen is increasing, then u(lJ,cy An) = lim, pu(Ay).

Exercise 1.16 (Continuity ). If (An)nen is decreasing and (A1) < oo, then p(), ey Ar) = limy, p(An).

neN

Exercise 1.17. Show that A(Q) = 0. HINT: What is the Lebesgue measure of singletons?

Let P be a property of some points in X. We say that P holds p-almost everywhere (or p-almost surely)
if {x € X : z satisfies P} is py-conull.

Exercise 1.18 (Borel-Cantelli Lemmas). Let (A,)nen be a sequence of y-measurable sets.

L If )7 oy #(An) < oo, then p-almost every x € X lives in at-most finitely-many A,,.

2. (Measure Compactness). If u(X) < co and there exists € > 0 such that u(A,) > € for all n € N, then
at least an e-measure set of x € X lives in infinitely-many A,,’s.

For measurable spaces (X1,B81) and (X2, Bz), define By ® By == (B1 x By : B; € B;),.
Exercise 1.19. Show that if X; are second-countable topological spaces, then B(X; x X3) = B(X1)®B(X2).
Exercise 1.20. Let X be a topological space. A Cantor set is a subset C C X homeomorphic to 2.

1. Show that the ‘middle-thirds Cantor set’ C C [0, 1] is a Cantor set as in the above definition. Moreover,

show that A(C) = 0. HINT: Recall the construction C' =, .,y Cr, and use continuity.

2. Define a Cantor set C' C [0, 1] with positive Lebesgue measure. HINT: fatten the standard construction.

A measurable set A C X is said to be an atom if there is no subset B C A with 0 < u(B) < u(A). For
example, singletons {z} are atoms under the Dirac measure §,. More generally:

Exercise 1.21 (Atomic Decomposition). If (X, B, i) is a o-finite measure space, B is countably generated
(i.e., B = (Bp) for some countable By C P(X)), and separates points (i.e., if  # y, then there exists B € B
such that z € B % y.), then every atom A € B is a singleton. Moreover, if {z,,} are all the atoms (how many
can there be?), then p = pg + Y, aady, for some atomless measure po and some a, > 0.

2. LECTURE 2 (SAMY LAHLOU): CRASH COURSE ON MEASURE THEORY, PART II

Let (X, B, 1) be a measure space. Our goal is to define the Lebesgue integral [ f du for a function f: X — R.
Again, this is not possible in full generality, so we restrict ourselves to the so-called measurable functions.

Further reading. [Tse23, Lectures 9 to 13, 17 to 21] and [Fol99, Chapters 2 and 3].

Definition 2.1. A simple function is an R-linear combination of characteristic functions on p-measurable
sets, i.e., if (E;)i<p is a collection of pairwise-disjoint p-measurable sets and (a;);<, are distinct reals, then
@ =) i<n @iXE, is a said to be a simple function. Define its (Lebesgue) integral as Jedp = > i<n Qi (E;).

For a (bounded) positive function f : X — R>o, we might define [ fdu by approximating f by simple
functions from below, say by an increasing sequence () of simple functions such that f = lim,, ¢,, uniformly.
However, not all functions f admit such an approximation.

To see this, let us attempt to construct such a sequence (). For each n, we will approximate the cutoff
of f at 27, i.e., the function min(f,2™). We do so by partitioning the codomain [0, 2"] into intervals of length
27", for a total of k, := 2"/27™ = 22" intervals. Set Ej, := f~1([27"k, 00)) for each k € {1,...,k,}, and let
Pn = Y p<k, 27 "XE,- One easily checks that f = lim, ¢, uniformly.

However, E}, is not guaranteed to be y-measurable! To fix this, we simply define the issue away.
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Definition 2.2. A function f: X — Y between measurable spaces (X, B) and (Y,C) be measurable spaces
is said to be (B, C)-measurable if f~1(C) € B for all C € C.

A function f : X — Y between topological spaces is said to be Borel if it is (B(X), B(Y'))-measurable.
A Borel isomorphism is a bijection f : X — Y such that both f and f~! are Borel.

Exercise 2.3. Continuous maps are Borel. HINT: Define a o-algebra containing open sets in the codomain.
So far we only dealt with measurable spaces. Let us now bring a measure into the picture.

Definition 2.4. Let (X, )5 be a measure space and Y be a topological space. A function f : X — Y is
said to be p-measurable if it is (Meas,,, B(Y'))-measurable.

Remark 2.5. Compositions of y-measurable functions need not be p-measurable.

The following exercise is one of the main reasons why u-measurable functions are introduced, and ulti-
mately also why the Lebesgue integral is superior compared to the Riemann integral.

Exercise 2.6. In separable metric spaces, pointwise limits of u-measurable functions are u-measurable, i.e.,
if (fy) is a sequence of y-measurable maps f,, : X — Y from a measure space (X, 1) to a separable space Y,
and f :=lim, f, (pointwise), then f: X — Y is y-measurable.

HINT: Let C:== {B € B(Y) : f~!(B) € Meas, }. Show that C is a o-algebra containing all open set in Y,
so C = B(Y), as desired. For each U C Y open, use separability to write U = |J B,,, where each B,, is a

neN
ball whose closure is contained in U, and show that f~!(U) € Meas,.

Exercise 2.7. If f1, fo : (X, ) — R are p-measurable and g : R? — R is Borel, then g(f1, f2) : X — R is
also pu-measurable. In particular, f; + f2 and f; - fo are uy-measurable.

Exercise 2.8. If (f,,) is a sequence of u-measurable functions f,, : X — R, then sup,, f,, inf,, f,, limsup,, fn,
and lim inf,, f,, are also p-measurable.

Notation 2.9. We write L(X, u) for the set of all y-measurable functions f : (X, ) — R, and Lt (X, u) for
those which are non-negative.

We are finally ready to define the Lebesgue integral.

Definition 2.10. Let (X, u) be a measure space. The (Lebesgue) integral of f € L1 (X, p) is
/fdu = sup {/godu :0 < ¢ < f simple function} .

In general, if f € L(X, ), we decompose f = f+ — f~ where f := max {f,0} and f~ := max {—f,0}. The
(Lebesgue) integral of f is [ fdp:= [ f*dp— [ f~du, provided that one of the terms is finite.

If [ fdu < oo, we say that f is u-integrable, in which case we write f € L*(X, u). More generally,

Definition 2.11. Take p € [1,00] and let L?(X, 1) be the set of all y-measurable functions f : X — R such
that || f]|,, < oo, where || f||,, == ([ |f|P du)*/? if p < co and || f|, = ess-sup |f| = inf {c > 0: |f| < c p-a.e.}.

Exercise 2.12. Let f,g € LP(X,p). If f < g, then || f||, < [lgll,-

Since a p-measurable function f : X — R can be approximated from below by simple functions (¢, ), we
should be able to calculate [ fdu as the limit of [ ¢, du. Indeed,

Theorem 2.13 (Monotone Convergence Theorem). If (f,) € LT (X, ) and f, /' f, then [ fodu 2 [ fdp.

Corollary 2.14. If (f,) € LT(X, p), then Y., [ fadp= >, fndp.

Exercise 2.15. For any f,g € L'(X,p) and a,b € R, we have [(af +bg)dp=a [ fdu+b [gdpu.
HiNT: Simple ~yer L ~ L.

5Whenever the o-algebra is not stated, we assume that p is defined on Meas,. In particular, we assume that p is complete.
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Exercise 2.16. Let f,g € L'(X, ). If f = g p-a.e., then [ fdu = [ gdu. HINT: Consider [(f — g) du.
We list two more convergence theorems that will be useful later on.
Theorem 2.17 (Fatou’s Lemma). If (f,) € LT (X, u), then [liminf, f,dp < liminf, [ f,dpu.

Theorem 2.18 (Dominated Convergence Theorem). Let (f,) € LY(X,u). If fn — f p-a.e. and |fo] < g
for some g € L*(X, ), then lim, [ fodp = [ fdp.

Let us now discuss differentiation of functions f : X — R; for convenience, we assume® that f € Lt (X, u).
For these functions, we can define a new measure v on B by v(B) := [ fdp = [ f-xp du, which measures
the ‘area under the curve’. Note that for each B € B, we have B is v-null whenever B is y-null.

It turns out that the ‘correct’ setting to discuss differentiation is between two measures p and v which
satisfy the above condition.

Definition 2.19. If u, v are measures on a measurable space (X, B) and B is v-null whenever B is p-null
for each B € B, we say that v is absolutely continuous w.r.t u, and write v < p.

Theorem 2.20 (Lebesgue-Radon-Nikodym Theorem). Ifv < u are o-finite measures on a measurable space
(X, B), then there exists a B-measurable map f : X — Rxq such that v(B) = [ fdp for all B € B.

Such a function f : X —+ R>( is unique p-a.e., and is called the Radon-Nikodym derivative of v w.r.t. p,
denoted g_Z' Thus, we have v(B) = |5 g_;':d'“ for all B € B.

d,

Corollary 2.21. In the above setting, we have [ gdu = [ g3adv for all g € L' (X, p).

To relate dv/du to derivatives in calculus (say on R™), we let y := A be Lebesgue measure on R™.

Theorem 2.22 (Lebesgue Differentiation Theorem). For any locally-integrable function f: R™ - R (i.e. if
fxx € L*(R™,\) for every compact K C R™) and for A-a.e. z € R", we have

. 1
0= 5@ ST

Corollary 2.23. For any locally-finite Borel measure yp < A on R™ and for A-a.e. x € R™, we have

dp T ,U'(Bs (117))
o = BB (@)

We end by briefly mentioning the ‘Isomorphism Theorems’. These justify why we only gave three examples
in Lecture 1, and allows us to work in concrete spaces like [0, 1] or 2".

Definition 2.24. A measurable space (X, B) is said to be standard Borel if B is the Borel o-algebra of some
Polish (i.e. separable and completely metrizable) topology on X.
A probability space (X, B, u) is standard if (X, B) is standard Borel.

Theorem 2.25 (Borel Isomorphism Theorem). Any two uncountable standard Borel spaces are Borel iso-
morphic. In particular, they all have cardinality continuum and are Borel isomorphic to 2.

Definition 2.26. Let (X, B) and (Y,C) be measurable spaces. If f : X — Y is (B,C)-measurable and 4 is a
measure on B, the pushforward measure of u by f is the measure f.u on C defined by f.u(C) = u(f~1(C)).

Definition 2.27. Two measure spaces (X, B, 1) and (Y,C,v) are said to be a measure isomorphic if there
is a measure-preserving transformation f : X — Y, i.e,amap f: X — Y such that f.u = v, and such that
there is a p-conull set Xy C X and a v-conull set Yy C Y on which f and f~! restrict to Borel isomorphisms.

Theorem 2.28 (Measure Isomorphism Theorem). Any two atomless standard probability spaces are measure
isomorphic. In particular, they are all measure isomorphic to ([0,1], A).

60therwise, we will need to discuss ‘signed measures’.



6 ZHAOSHEN ZHAI

3. LECTURE 3 (PENG BO): AN INTRODUCTION TO ERGODIC THEORY

Generally speaking, a dynamical system is just a group action. For instance, actions of Z (resp. R) on some
space X lead to discrete (resp. continuous) dynamical systems, and different actions on different spaces are
studied from different point of views:

1. Continuous actions on topological spaces lead to topological dynamics.

2. Measure preserving actions on measure spaces and lead to measured group theory and ergodic theory.

3. Geometric (proper and cocompact) actions on geodesic metric spaces lead to geometric group theory.

4. Linear actions on Banach spaces (or TVSs) lead to functional analysis and C*-algebras.

Here, we will be interested in measure preserving actions on measure spaces. To motivate these actions,
we will also mention the theory of continuous actions on topological spaces, which was the original motivation

for von-Neumann to introduce measure preserving actions in the first place. For simplicity, we will focus on
actions of Z (so it suffices to provide a single generator) on compact (resp. probability) spaces.

Definition 3.1. A topological dynamical system is a pair (X, f), consisting of a compact topological space
X and a homeomorphism f: X — X.

Definition 3.2. A measure-preserving dynamical system is a tuple (X, u,T) consisting of a standard prob-
ability space (X, u) and a measure-preserving transformation T' € MPT(X, ).

Definition 3.3. A topological system (X, f) is minimal if there is no proper subsystem, i.e. if there is no
f-invariant compact subspace Y C X.

Exercise 3.4. A topological system (X, f) is minimal if every f-orbit in X is dense. HINT: If {f™(z)}
is not dense, then its closure is a proper subsystem.

n€E”Z

The measure-theoretic analogue of minimal system is an ergodic system. As we shall see, these are much
more amenable than their topological-counterparts.

Definition 3.5. A measure-preserving system (X, 1, T) is ergodic if every T-invariant Borel subset is either
p-null or p-conull.

Example 3.6. Consider the circle S* :== R/Z = [0, 1) and an irrational angle § € [0,1). Then the (irrational)
rotation R, : S' — S' given by x — x +  is both minimal and ergodic.

We will show that R,, is ergodic in Proposition 4.9. To see that R, is minimal, it suffices to show that
the orbit {nf}, ., approaches 0. Indeed, there exists some n € Z such that [nf, (n + 1)f] contains 0 in the
quotient. Without loss of generality, we can assume that d(0, (n + 1)8) < d(0,n0), so 6; .= (n+1)8 < 0/2
in the quotient and is in the orbit of §. Replacing 6§ by #; and repeating furnishes a sequence 6,, — 0.

In contrast to the above example, every homeomorphism on $2 has a fixed point by Brower’s fixed point
theorem. Thus, there is no minimal system on S2. More generally, there is no minimal system in S2".

Open Question 3.7. Characterize all manifolds supporting a minimal system. REMARK: Negative results
include the unit interval and S?". This question is still open, even in dimension three.

Of course, any such characterization is modulo the isomorphism relation.

Definition 3.8. Two topological dynamical systems (X, f) and (Y, g) are isomorphic if there exists a home-
omorphism A : X — Y such that g=ho foh™!.

The Measure Isomorphism Theorem (Theorem 2.28) asserts that any two atomless standard probability
spaces are measure isomorphic. This allows us to reduce the classification of (atomless) measure-preserving
dynamical systems to just measure-preserving transformations.

Open Question 3.9. Classify ergodic measure-preserving transformations up to isomorphism.

Here is a celebrated positive result.
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Definition 3.10. A Bernoulli shift is a measure-preserving dynamical system (X%, 7%, S) where ¥ is a finite
set, 7 is a probability measure on X, and S is the left-shift map S(z)(n) == z(n + 1).
The entropy of a Bernoulli shift is —, |, 7(¢) log((4)).

Theorem 3.11 (Ornstein). Two Bernoulli shifts are isomorphic iff their entropies coincide.

Lastly, we end with a recurrence question: given a u-measurable subset U C X and a point € X, how
many points in the orbit of z are in U?

Theorem 3.12 (Birkhoff’s Pointwise Ergodic Theorem; Theorem 5.1). Let (X, u,T) be an ergodic system
and let U C X be a u-measurable subset. Then lim, |{i < n: T’z € U}|/n = u(U) for u-a.e. z € X.

4. LECTURE 4 (ZHAOSHEN ZHAI): EXAMPLES OF ERGODIC TRANSFORMATIONS

Following Lecture 3, we begin by studying actions of N on a standard probability space (X, ), which is
generated by a (probability) measure-preserving transformation T : X — X, called a pmp transformation.
Throughout, let (X, u) be a standard probability space and let T : X — X be a pmp transformation.

Further reading. [Tse22, Lectures 1 to 4].

Definition 4.1. The orbit equivalence relation of T is the equivalence relation Ez C X2 defined by zEry
iff T"(x) = T™(y) for some n,m € N. The forward orbit of a point z € X is the set {T™(x)}, cn-
Definition 4.2. Let E be an equivalence relation on a set X.

1. A subset A C X is E-invariant if A is a union of E-classes. The E-saturation of Ais [A]p = U s[2]E,
which is clearly E-invariant, and A is E-invariant iff A = [A]g.

2. A function f : X — Y is E-invariant if f is constant on each E-class.
We say that A (or f) is T-invariant if it is Ep-invariant.
Remark 4.3. Note that A C X is T-invariant iff T='(A4) = A4, and f : X — Y is T-invariant iff fo T = f.

Observe that [Ale, = U, mez T "(T™(A)), so [Alr is not a priori measurable. It turns out that [Als,
is measurable by a theorem of Descriptive Set Theory (which one?), but we can avoid it with the following
theorem, which is of independent interest.

Theorem 4.4 (Poincaré Recurrence). Every measurable set A C X is a.e.-forward recurrent, i.e., there is
a measurable set Ag C X such that Ag =, A and for each x € Ay, we have T"(x) € Ay for some n > 1.

Proof. Let W :=(\,,5, {z € A: T"(z) ¢ A}, which is clearly measurable. Note that W NT~"(W) = & for
each n > 1, so the family {T'~" (W)}, cy is pairwise-disjoint, and hence W is wandering:

Definition 4.5. A set W C X is T-wandering if the family {T'~" (W)}, o\ is pairwise-disjoint.

Lemma 4.6. Every measurable wandering set T is null.

Proof. 3, u(W) = X, s(T~"(W)) = (L, T-"(W)) < a(X) < o0, s0 u(W) = 0. O
Set Z :==J,, T~™(W), which is still null, and note that Ay := A\ Z =, A is forward recurrent. [ ]
Corollary 4.7. For all measurable sets A C X, there exists Ay =, A such that [Aole, = U,, T~™(Ao)-

Definition 4.8. An equivalence relation E C X2 on (X, u) is ergodic if every E-invariant measurable set
A C X is either null or conull. A pmp T : X — X is ergodic if Er is ergodic.

Proposition 4.9. The irrational rotation R, : S' — S is ergodic w.r.t. the Lebesque measure on S*.

Proof. We will need the following lemma.
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Lemma 4.10 (99% Lemma for A). For any A C [0,1) with positive Lebesque measure, there is an
interval I C [0,1) such that at-least 99% of I is covered by A, i.e., \(ANI)/A(I) > 0.99.

Proof. Fix € > 0 and (by outer regularity of A) let U C [0,1) be open such that A(A)/A(U) > 1 —e.
Write U = | |, oy In for disjoint open intervals I,, C [0, 1), and observe that

AI) AMANT,
ZAAnIn)—Z )\((U T)Zl

Hence a convex combination of {\(ANI,)/\(I,)}, is at-least 1 — €, so the result follows. O

Now, suppose towards a contradiction that R, is not ergodic, so there exists an R,-invariant measurable
A C[0,1) such that both A and A° have positive A-measure. By the 99% Lemma, let I C [0,1) (resp. J) be
an interval such that 99% of I is covered by A (resp. A°); without loss of generality, suppose that |J| < |I].

By R,-invariance, 99% of any translate of J is still covered by A°, and so it suffices to cover at-least
half of I by translates of J, for then 99%/2 > 1% of I is covered by A€, a contradiction. This can be done
by minimality of R, (i.e., density of any R,-orbit), since we can translate the left-endpoint of J arbitrarily
close to the right-endpoint of previous translates of J. |

Here is a cute application of the ergodicity of R,. For any map f : X — X, its graph is the set Gy C X2
of pairs (z, f(z)). We can view Gy as an abstract graph with vertex set X and with edges (z, f(x)).

What is the chromatic number of Gg_? Since R, is not periodic, each connected component is a Z-line
{R%(x)},,cz, and GRr, is the disjoint union of continuum-many such Z-lines. Using the Axiom of Choice, we
can pick a point in each Z-line, so we can 2-color Gg_ by coloring said points, say blue, and alternating.

Note that a (finite) coloring of a graph G is just a map ¢ : G — n for some n € N such that if (z,y) € G,
then ¢(z) # c(y). Thus we can ask for the measurable chromatic number of G: what is the minimal n € N
such that there is a measurable colouring ¢ : G — n? Clearly, Gg_ is measurably 3-colourable.

Corollary 4.11. The graph G, C X? is not measurably 2-colourable.

Proof. If it is, then there is a measurable colour A C X of Gg, such that R,(A4) = A°, so A(4A) = A\(4A°) =
1/2. Then Rp,(A) = R%(A) = A, so A is a measurable Ry,-invariant set. Since 2« is irrational, we see that
Ry, is ergodic, and hence u(A) € {0, 1}, a contradiction. ]

Proposition 4.12. The Bernoulli shift T : 2% — 2" is ergodic w.r.t. the Bernoulli(1/2) measure p on 2V.

Proof. We will prove a stronger result, which implies that 7" is ergodic.

Definition 4.13. A pmp T : X — X is said to be mizing if for any measurable A, B C X, we have
w(ANT"B) = p(A)u(B) as n — oco.

Lemma 4.14. Mizing implies ergodic.
Proof. If A C X is a T-invariant, then p(A) = u(ANT"A) — p(A)?, so u(A) € {0,1}. O

Since p is defined by extending the 1/2-measure on cylinder sets, it suffices to show that T mixes cylinders
A = [s] and B = [t] for s,t € 2<N. Indeed, let n > £(s) so that the translate T"([t]) contains sequences
specified at indices disjoint from that of s, so u([s] NT~"([¢])) = p([s])u([¢]). [ ]

To give more examples, we will need the following lemma, which is proved the same way as Lemma 4.10.

Lemma 4.15 (99% Lemma for ). For any measurable A C 2V, there exists a cylinder [w] C 2" such that
at-least 99% of [w] is covered by A, i.e. u(AN [w])/p([w]) > 0.99.

Exercise 4.16. Show that the odometer transformation T : 2V — 2V is ergodic, where T takes a sequence,
thought of as the binary representation of a number written in reverse, and adds 1 to it (carrying over if
necessary); for instance, 7(00110...) := 10110... and 7°(11100...) := 00010..., and by convention, we let
T(11111...) :=00000....

HINT: Use the 99% Lemma for u, with the observation that for any words s,t € 2<V of the same length,
there exists k € N such that T*(sz) = tz for all z € 2".
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Let us generalize ergodicity of transformations T": (X, ) — (X, p) to actions of a group G on (X, p).

Definition 4.17. Let G be a group and let (X, u) be a standard Borel space. An action ¢ : G ~ X is said
to be Borel if for each g € G, the map z — gz is Borel; measure-preserving if it is Borel and u(¢gB) = u(B)
for each g € G and each Borel B C X; and ergodic if it is measure-preserving and the orbit equivalence
relation E,, of ¢, given by zE,y iff y = gz for some g € G, is ergodic.

Exercise 4.18. For each n € N, let o, : 2V — 2" be the n*-bit flip map, defined by flipping z,, to 1 — z,
and fixing all other coordinates. Let G := (0,)nen = @,, Z/2Z, which naturally acts on 2.

1. Show that the orbit equivalence relation E, is given by eventual equality (denoted Eo), where zEoy iff
there exists N € N such that z,, =y, for all n > N.

2. Observe that ¢ is a pmp action and use the 99% Lemma, for y to show that ¢ is ergodic.

Exercise 4.19. Consider the translation action ¢ : Q ~ (R, ), whose orbit equivalence relation is given by
zEqy iff z —y € Q. Use the 99% Lemma for A to show that ¢ is ergodic.

The following exercise shows that ergodicity gives rise to non-measurable transversals.

Exercise 4.20. Let (X,u) be an atomless measure space and let ¢ : G ~ (X, u) be a p-null-preserving
action. Prove that if ¢ is ergodic, then every transversal of £, is non-measurable.

HINT: Let T C X be a measurable transversal, so X = | | 5 gT. Observe that u(T) > 0, and use that
(X, p) is atomless to partition 7' = S; LI So non-trivially. What can you say about the E,-saturations of S;?

To study ergodic transformations further, it would be useful to have alternative characterizations of
ergodicity. The Ergodic Theorems (see Lecture 5) are the strongest results of this kind; here, we will be
content with the following easy reformulations.

Theorem 4.21. The following are equivalent for a pmp transformation T : X — X.

1. T is ergodic.
2. Every T-invariant measurable function f : X — Y to a standard Borel space Y is constant a.e..

3. For every positively-measured subset A C X, its saturation [A]g, is conull.
Proof. Note that (2) and (3) each easily imply (1): if A C X is a measurable T-invariant set, then

2. the characteristic function x4 : X — {0,1} is T-invariant, and hence either A is null or conull;
3. if A is not null, then x(A) > 0, and hence A = [A]g, is conull.

Conversely, suppose that T is ergodic. For (3), note that if A has positive measure, then so must [A]g, if
it is measurable in the first place, so [A]g, is conull. Now, either invoke some Descriptive Set Theory and
prove that [A]g, is measurable, or proceed by letting Ay C,, A be forward recurrent, so that [Ao]g, C [Alg,
is measurable by Corollary 4.7; hence [A]g,. is measurable too, as desired.

It remains to prove (2). By the Borel Isomorphism Theorem (Theorem 2.25), it suffices to prove it in the
case when Y := 2" equipped with the Borel o-algebra, which is generated by cylinders. Let f : X — 2V be a
T-invariant measurable function, so f~!(B) is T-invariant for each Borel B C 2. In particular, f~!([w]) is
either null or conull for each word w € 2<N. We proceed by finding a (necessarily unique) sequence y € 2"
such that f~!(y) is conull, as follows. Call a word w € 2<N heavy if f~1([w]) is conull; clearly @ is heavy, and
if w is heavy, then exactly one of w0 and w1 is heavy. Thus there is a unique heavy branch {y|n}, .y, which
gives rise to the desired sequence y € 2" since f~1(y) =, f~ ([y|n]) is the intersection of countably-many
conull sets, hence conull. |

5. LECTURE 5 (ZHAOSHEN ZHAI): BIRKHOFF’S POINTWISE ERGODIC THEOREM

Throughout, let (X, u,T) be a measure-preserving dynamical system. We can rephrase (1 < 3) in Theorem
4.21 by the statement that T is ergodic iff for every positively-measured subset A C X and any x € X,
we have [z]g, N A # @. This gives us a ‘soft’/‘qualitative’ characterization of ergodicity: every orbit meets
every positively-measured set. It turns out that we can boost this and obtain a more quantitative statement
too, of, say, how often they meet.



10 ZHAOSHEN ZHAI

Further reading. [Tse22, Lectures 5 to 7).

Theorem 5.1 (Birkhoff’s Pointwise Ergodic Theorem). A measure-preserving dynamical system (X, pu,T)
is ergodic iff any of the following statements hold, where IT (z) = {T'x}i<, and AL f = % Yienfo Tt

1. For all f € LY(X, p), we have lim,,_,oc ALf =, [ fdu.
2. For all f € L®(X, ), we have lim,_,oo AL f =, [ fdu.
3. For all measurable A C X, we have lim,_,o Z|IT(x) N A| = p(A) for p-a.e. z € X.

We can interpret (3) by saying that the average number of times the forward-orbit of p-a.e. z € X meets
A tends to p(A), so if u(A) > 0, then the (forward-)orbit of z will always meet A. Statements (1) and (2)
are generalizations of (3); instead of counting the average number of times I (z) meets A, we consider the
average value of a measurement f : X — R (i.e., f € L}(X,p) or f € L®(X, p)) in the following two senses:

o (Time average). For z € X, the time average value of f evaluated at z is AL f(z) = 1>, _ f(T(z)).

« (Space average). The space average [ fdp of f, which is the average evaluated on the entire system.
Birkhoff’s Pointwise Ergodic Theorem then states that these two averages coincide iff T is ergodic.

Proof. Clearly (1) = (2). For (2) = (3), take f := x4 and note that 1|IT(z) N A| = AL f(z). If (3) holds,
then T is ergodic since if A C X is a measurable T-invariant set, then the orbit of any x € X either lies in
A or A°, so L|IT(z) N A| € {0,1} uniformly for all n € N. By (3), this shows that u(A4) € {0,1}.

Suppose now that T is ergodic and let f € L'(X,p). Replacing f by f — [ fdp, we can assume that
J fdp=0. To show that lim,, AT f = 0, it suffices by symmetry to show that lim sup,, AL f < 0.

To this end, we first note that [ := limsup,, AL f : X — R is T-invariant. Indeed, for any € X, we have

Pl f(T@),

so taking lim sup,, gives I(z) = [(Txz) as desired. Thus [ is constant a.e. by Theorem 4.21, say at Iy € R.

Suppose towards a contradiction that f* := lp/2 > 0, so for each z € X, there is a minimal n(z) € N
such that Af(x) f(z) > f*. Thus, we can cover X by intervals I, := Ig;(ac)x so that the average of f on those
intervals is no less than f*. If we can make the lengths of those intervals uniform, i.e., find some n € N such
that AT f > f*, then

ATf(z) = 2

0= [fant [afsanz [1rau=r >0, (+)
a contradiction, where the equality (!) follows from the following

Lemma 5.2 (Local-global Bridge). For each f € L'(X,p) and n € N, we have [ fdu = [ AT fdpu.

Proof. Since T is pmp, we have [ fdu = [ foT du by the Change of Variables formula, so [ >, <n f o
T =n J f du, and hence the desired equality holds.

This is too much to ask for in general; instead, we try to cover intervals I (z) for large enough n > 0 by
the ‘good’ intervals of the form Iz;(y) (y) = I, on which we have the desired inequality AZ(y) >

Lemma 5.3 (Tiling Lemma). Let n : X — N be an arbitrary measurable function. For any € > 0,
there exists n >> 0 such that for each © € X except on a measure- set, the interval I (x) can be tiled,
up to an e-fraction, by intervals of the form I, := IZ(;,) (y) forye X.

Proof. Choose L > 0 such that B := {z € X : n(z) > L} has measure at-most ¢2/2, so for each n € N,
the set Z,, .= {z € X : ATxp(z) < £/2} is co-¢ since, by the Local-global Bridge, we have

sz/zzu(B)=/dené/A£deuz/\ ATx du > Sp(X\ Z0).
X\Z,

For each z € Z,, we can tile IT(z) from left to right, skipping ‘bad’ intervals (i.e., intervals I, with
y € B), which leaves out at-most an (¢/2 + L/n)-fraction of I (x) untiled by the I,’s; choose n > 0
such that L/n < /2. O
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With this in hand, we can start to attempt to replicate (x). To this end, first choose M > 0 so that Xy :=
{r € X : f > —M} is large; more specifically, so that [,.(f — f*)dp < f*/2, and hence [, fdu > f*/2.
0] 0
Focus on fy = f| Xy Applying the Tiling Lemma to some £ > 0 to be chosen later, there is some n > 0

and some Z C X, of measure at-least (Xo) — € such that for each z € Z, the interval IT (z) is tiled by I,’s
up to an e-fraction. Since fy > f, we have Ag(y) fo(y) = f* too, so for all z € Z,

Al fo(x) > (1—e)f* +e(-M) = f* —e(M + f*) > f*/2

for sufficiently small € > 0. We can now replicate (*) to obtain
0= [tau=[ saus [oaus+ [ pduz Do [ ALfodutu(Xo\Z)-0) 2 £ - eM >0
x¢ z Xo\Z z
for sufficiently small € > 0, as desired. ]

Remark 5.4. If f € L*(X, u) and 7 is bounded, we can tile every interval I’X (z) for sufficiently large n > 0
by the I,’s, up to an e-fraction. This in turn simplifies the proof so that AT f > f* for a uniform n € N, so
that () holds.

Exercise 5.5. What is the average value of a given digit 0 < m < 9, say m = 7, to occur in the decimal
representation of A-a.e. z € [0,1]? That is, does £,,(z) := lim,, 2|{i < n : ; = m}| exist, and what is it?

HINT: Consider the 10-ary Baker’s map by : [0,1) — [0,1) sending z — 10z (mod 1), which is isomorphic
to the shift map on 10",

Exercise 5.6 (Equidistribution Theorem). A sequence (z,), in S! is said to be equidistributed if for every
interval I C S, we have lim,, 2| {z;},_, N I| = A(I). Prove that if z,, = na for some irrational & € S*, then
(n)n is equidistributed. HINT: Don’t overthink it.

Exercise 5.7 (Law of Large Numbers). If you know statistics, prove it!

Exercise 5.8 (An ergodic theorem for non-ergodic actions). Intuitively, Birkhoff’s Pointwise Ergodic The-
orem states that ergodic transformations T': X — X stir up X so well that they spread any f € L'(X, u)
evenly on X, making it constant at | fdu; indeed, ‘f o T = [ fdu’.

If T is not ergodic, then there is a non-trivial partition X = X; U X5 into T-invariant pieces. The best
that one can hope is at after ‘enough’ partitions X =| |, X;, T still spreads each f; := fxx, evenly on X;.
Viewing f from the lens of these T-invariant pieces leads to the conditional expectation of f:

Definition 5.9. Let A C B(X) be a sub-o-algebra of B(X). For each f € L}(X, i), there is a unique
(up to a p-null set) A-measurable function f4 such that [ Jfdu= i) 4 fadp for each A € A, called the
conditional expectation of f w.r.t. A. We write E(f|.A) for f4.

Remark 5.10. If P C B(X) is a countable partition of X, then E(f|(P)s) = > pecp (ﬁ Ip fdu) XP-

Prove that for any (not necessarily ergodic) pmp transformation 7': X — X and any f € L!(X, 1), we have
lim, AT f =, E(f|Br), where Br C B(X) is the o-algebra generated by all T-invariant Borel sets of X.
HiNT: Same as the regular proof, only that f* : X — R is not necessarily constant, but just T-invariant.

Exercise 5.11 (LP-ergodic theorem). Prove that for any pmp-transformation 7' : X — X and p > 1, we
have AL f — 1, E(f|Br) for all f € LP(X, ).

HinT: If f is bounded, then we are done by the DCT. Otherwise, let fi, —r» f where each fj is bounded
and triangle-inequality your way through, using that | AL f||z» < ||f|lz» (prove this too).

6. LECTURE 6 (LUuDOVIC RIVET): AN OVERVIEW OF SZEMEREDI’S THEOREM

This is the first in a series of lectures towards Furstenberg’s proof of Szemerédi’s Theorem.
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Further reading. Parts of [Tse22, Lectures 16 and 17], [Tao08, Lecture 10], and [EW10, Section 7.2-7.3].

Conjecture 6.1 (Erdés, Turdn). Let A C N be a set such that ), 4, 1/a — co. Then A contains arbitrarily
long arithmetic progressions, i.e., for any k > 1, there existsn € N and r > 1 such that {n +ir : i < k} C A.

Green and Tao proved, in 2004, that this is true when A is the set of prime numbers. Here, we give an
overview a much easier positive instance of this conjecture, namely, when the set A is ‘dense enough’.

Definition 6.2. The (Banach) density of a subset A C N is dy(A) = lim, 2|AN{0,...,n — 1}|. Replacing
‘lim’ with ‘limsup’, we get the upper (Banach) density dy(A) of A.

Theorem 6.3 (Szemerédi; 1975). Conjecture 6.1 is true for those A C N such that dy(A) > 0. In fact, for
any k > 1, there exists n € N such that dy((),1, (A —in)) > 0.

Exercise 6.4. Compute the upper and lower densities of the following sets A C N. Do they agree?

1. A={neN:Vm > 1(m?{n)}, the square-free integers.
2. A = prime numbers. HINT: Szemerédi vs. Green-Tao.

3. A := numbers with an odd number of digits.

Remark 6.5. Euler proved that the longest arithmetic progression in the set of squares have length 3, so
the density of squares is zero.

In 1977, Furstenberg [Fur77] gave an ergodic theoretic proof of Szemerédi’s Theorem. First, he established
a natural, but very hard, generalization of the Poincaré Recurrence Theorem, and showed that this result is
equivalent to Szemerédi’s Theorem via a correspondence principle.

Theorem 6.6 (Furstenberg’s Multiple Recurrence). Let (X, 4, T) be a measure-preserving dynamical system.
For any positive-measure A C X and any k > 1, there exists n > 1 such that u((,., T~ A) > 0.

The case k = 1 is trivial, and the case k = 2 is exactly Poincaré’s Recurrence Theorem (Theorem 4.4).
We will prove this theorem in later lectures, but for now, we can prove it for two examples:

1. For the irrational rotation R, : S* — S (see Proposition 4.9), we can find n € N such that R is
arbitrarily closed to the identity by solving the equation no = 10” where p denotes the ‘precision’. By
choosing a good enough approximation, the sets R“"(A) for ¢ < k intersect on a set of positive measure.

2. For the shift map T : 2 — 2N (see Proposition 4.12), note that u(ANT~"B) — u(A)u(B) since T is
mixing, so p(,<, T~"A) = u(A)* > 0.

Note that Theorem 6.6 holds for drastically different reasons in the two examples above; R, preserves the
distance between points, while 7" mixes points a lot. This hints that the proof of the general case will require
some deep idea that connects all measure-preserving systems together. In fact, we will see that they are all
‘extensions’ of a combination of systems of these two types.

The link between Theorems 6.3 and 6.6 is via Furstenberg’s Correspondence Principle.

Theorem 6.7 (Furstenberg’s Correspondence Principle on N). For any A C N, there is a measure-preserving
dynamical system (X, u,T) and a set B C X such that for any k > 1 and nq,...,ng_1 € N, we have

dy(AN(A-—n)NA-n)N---N(A=-np_1)) >u(BNT™BNT™BN---NT ™-1B).
Combining Theorems 6.6 + 6.7, we obtain a proof of Theorem 6.3 by setting n; := in.

Proof of Theorem 6.7. By passing to a subsequence, we may assume that dy(A) = lim,, |AN{0,...,n — 1}|/n.
Consider the shift action T : 2 — 2N and let B := [1]. Viewing x4 : N — 2 as an element of 2", we have
that T9x 4 € B iff j € A. We will define a measure y on X := 2" with the desired property.

For each n € N, consider the weighted Dirac measure u,, :== % > j<n 07iy, on X. By the Banach-Alaoglu
Theorem, the space of probability measures on X is weak*-compact. Thus, after passing to a subsequence,
there is a weak*-limit p, — p so that (X, u,T) is a measure-preserving dynamical system and
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. .1 1 _
w(B) = lim pn(B) = lim — Z Orix,(B) = lim —|AN{0,...,n —1}| = dy(A).
<n
For each i < k, observe that j € A — n; iff T?*™ix 4 € B, which occurs iff 674, , (T~ B) =1, and thus
[AN(A=ny)N---N(A—ng_1)N{0,...,n— 1}
n

2 2 1 —-n —-n
= liminf 3" brsx,(BAT B --NT " B)
i<n

=liminf p,(BNT"™BN---NT~™"1B)
n—oo
=u(BNT™BN---NT ™-1B),

as desired. [ |

dy(AN(A—n))N--N(A=-ng_y)) > lin_1>inf

Exercise 6.8 (Furstenberg-Sarkézy). Let A C N be a subset with positive upper density and let p € Z[z]
be a polynomial with p(0) = 0. Using the recurrence theorem below, prove that there exists a,b € A and
some n > 1 such that £ — y = p(n). HINT: Use the correspondence theorem.

Theorem 6.9 (Polynomial Recurrence; [EW10, Section 7.4]). Let (X, u,T) be a measure-preserving
dynamical system. For any positive-measure A C X, there exists n > 1 such that p(AN T-PMA) > 0.

7. LECTURE 7 (LuDpOvIC RIVET): THE FURSTENBERG-ZIMMER STRUCTURE THEOREM
TODO: please check back later...
Further reading. TODO.

Theorem 7.1 (Furstenberg-Zimmer Structure Theorem). Let (X, u,T) be a measure-preserving dynamical
system. There is an ordinal o and a sequence (Yg)p<a of measure-preserving dynamical systems such that

1. Yy is the point system.
2. Ygi41 — Yg is a compact extension for each f < a.

3. X is a weak mixing extension of Y.
Definition 7.2. An extension is a morphism of measure-preserving dynamical systems.

Example 7.3. X = (R/Z)? with T(z,y) = (x + o,z +y) and Y = R/Z with S(z) = = + «a; with
p(z,y) = .

If p: X — Y is an extension, then L (Y) — L*°(X).

Definition 7.4. A function f € L?(X) is almost periodic if {T"f : n € Z} is compact in L?(X).
(X, u,T) is compact if all f € L?(X) are almost periodic.

Example 7.5. (S, R,) is compact.

Theorem 7.6. Every compact system is isomorphic to a Kronecker system (compact group, Haar measure,
‘).

Definition 7.7. L*(X|Y) is the set of f € L*(X) such that || f|| .2 x|y = E(|f|?Y)Y? € L®(Y).
Definition 7.8. Let fi,..., f, € L>°(X). The zonotope generated by f; is {d>_, cifi : ¢c; € L®(Y), ||cs|| < 1}

Definition 7.9. A subset E C L?(X|Y) is conditionally precompact if for all € > 0, there is a zonotope Z
such that E C N.(Z).

Definition 7.10. f € L?(X|Y) is conditionally almost periodic if {T™f : n € Z} is conditionally precompact.

Definition 7.11. X — Y is a compact extension if all f € L*°(X|Y") are conditionally almost periodic.
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